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ABSTRACT. Let T be the adjoint of a subnormal operator defined on
a Hilbert space H. For any closed set 8, let XT( 8)={x €H: there exists
an analytic function fx: C\S —H such that (z - T)fx(z) =x}. It is shown
that T is decomposable (resp. normal) if XT(O G,) is closed (resp. if
XT(a GJ)= {o}) for a certain family {Ga} of open sets. Some of the ree
sults are extended to the case that T is the adjoint of the restriction of
a spectral or decomposable operator to an invariant subspace.

Putnam [17] and Stampfli [20] approach the invariant subspace problem
for a hyponormal (cohyponormal) operator T by studying the analytic continu-
ability of the local resolvents (z — T)~x for individual vectors ¥ in the
underlying Hilbert space. Here, by independent proofs, we find some necessary
and sufficient conditions for normality or decomposability of a subnormal
(cosubnormal) operator in terms of its local resolvents.

1. Preliminaries. Let B(H) denote the algebra of all bounded linear oper-
ators defined on a Hilbert space H. We recall the following definitions and
facts about the elements of B(H).

(i) An operator T € B(H) is called spectral if T = S + Q where § is
similar to a normal operator, Q is a quasinilpotent operator, and SQ = QS
[8, pp. 1939 and 1947]. Moreover T has a (not necessarily orthogonal) resol-
ution of the identity which coincides with that of S.

(ii) The restriction of a normal (resp. spectral) operator to an invariant
subspace is called a subnormal (resp. subspectral) operator; the adjoint of a
subnormal (resp. subspectral) operator is called a cosubnormal (resp. cosub-
spectral) operator.

(iii) An operator T € B(H) is hyponormal if T*T - TT*>0 and cohypo-
normal if T*T — TT*<0.
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(iv) Every subnormal operator is hyponormal.
(v) For an operator T € B(H) and a closed subset 8 of the complex
plane C we define

X T(B) = {x € H: there exists an analytic function
f C\S — H such that (z - T)f (2) = x}.

The set X (8) is a hyperinvariant linear manifold of T. If & and y are two
disjoint closed subsets of C, then

X3 0 X (C\8D) = X(38) and Xr(8 U Y) = X1(&) + X ().

(Throughout this paper 8° and 35 denote the interior and the boundary of a
set & respectively.) The proof of the latter fact is similar to that of the
Riesz decomposition theorem and uses the following identity:

(p-7" 1/,‘(Z) =(z- )" Wp-1"1x -/ (2)]
for p ¢ o(T).

(vi) An operator T € B(H) has the single-valued extension property if
there exists no nonzero H-valued analytic function f such that (z - T)f(z)
=0. If T has the single-valued extension property, so does its restriction
to an invariant subspace. If T has the single-valued extension property and
x € H one may define

a.,.(x) =Nid: x ¢ XT(S) and & closedl.

It is easy to see that x € X T(a,r(x)) and X T(S) = {x: aT(x) c ol
(vii) An invariant subspace Y of T is called a spectral maximal sub-
space of T if ZC Y for all invariant subspaces Z of T such that o(T|Z)
C ofT | Y). If T has the single-valued extension property and X..(8) is
closed, then XT(S) is a spectral maximal subspace of T and O(TIXT(S))Q
8no(1) [7, p. 231
(viii) Let n > 2 be a positive integer. An operator T is called n-decom-
posable if for every open covering GG, ..., G, of o(T) there exist spec-
tral maximal subspaces Y, Y,,..., ¥, of T suchthat H=Y, +Y,+---+
Y, and o(T|Y)CG, (i=1,2,...,n). Anoperatoris called decomposable
if it is n-decomposable for all positive integers n [7, p. 571
(ix) Every normal operator is a spectral operator, and every spectral
operator is decomposable. If T is a spectral operator with the resolution
of the identity E, then X .1.(5) = E(®)H for all closed sets & [7, p. 33}
(x) Every n-decomposable operator T has the single-valued extension
property and X..(8) is closed for all closed sets & [14, p. 215] (n > 2).
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2. Main results. The main purpose of this section is to find some nec-
essary and sufficient conditions for decomposability or normality of a cosub-
normal operator (Theorems 1 and 3). Some of the results are extended to co-
subspectral operators. Stampfli [20] shows that if T is a hyponormal opera-
tor, then X 7(8) is closed for all closed sets 8, and if T is cohyponormal,
then there exists a closed set & such that X .(8) £1{0}. In this direction we
prove the following two lemmas.

Lemma 1. Let A be a 2-decomposable operator defined on a Hilbert
space K. Let H be an invariant subspace of A and let S = A|H. Then
X(8) is closed and X((8) C H N X,(8) for all closed sets &.

Proof. The fact that X((8) C H NX 4(8) follows from the single-valued
extension property for A. Now let x, be a Cauchy sequence in xs(8) con-
verging to x. Let Ag=A|X A(S). Since A has the single-valued extension
property, it follows that (A - Ag)” lx" has values in H and converges uni-
formly to (A - A5)~!x on any compact subset of C\8. Thus x € X s(8) and
hence X¢(8) is closed. '

Lemma 2. Let N € B(K) be an n-decomposable operator for some n > 2,
Let H be an invariant subspace of N*. Let Q: K » K be the orthogonal
projection onto H and let T = QNQ|H. Then QX (8) C X.(8) for all closed
sets 8. Moreover, if X, (8 ) and XT(C\b‘n) are closed for a sequence {8}
of open sets forming a base for the topology of C, then T is n-decomposable
and T* is 2-decomposable.

Proof. Let x € X\ (8) and let Nj=N|X,(8). Since QA - N~ lx is
analytic outside § and (A - T)IQ(A = Ny~ 1y = x for A ¢ 8, it follows that
Ox € X.(8) and thus Qxy(8) C X(8). Next let G, G,,..., G, be an open
covering of o(T). Let G,_,, be an open set such that G,_,; No(T) =& and
o(N)CG,UG,U---UG ;. Let x €H. Wehave x =%, + %, +++ -+ %,
with x, €Xp(G ) i=1,2,...,n-1, and x, € X,(G_UG_,,) Since
Xg(F) =X (Fn a(B)), it follows that QOx, € XT((_;i) (i=1,2,...,n) and
thus
@) H= 2 X(G).

1€i<n

Now assume XT(S") and XT(C\S”) are closed, where {5} is a se-
quence of open sets forming a base for the topology of C. We claim T has
the single-valued extension property. Assume, if possible, that there exists
a nonzero H-valued analytic function { on some disc |z - z | <7 such that
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(z-T)f(2)=0. Let f(z) =% a (z-z)" and let z, €5, C 5k Clz: |z -z
<1} for some k. Since M=X_(5,) is closed, f")Nz) €M for all =z €5, and
thus f(z) €M for |z - zy| <~ Choose z, in the unbounded component of
C\8 such that |z, - z,| <7, and f(z,) # 0. It follows that there exists a
H-valued analytic function g on C\E thh (z - T)g(2z) = f(z,). On the
other hand (z - z))"!f(z)) is a H-valued analytic function defmed for z £
z, which agrees with g(z) on the unbounded component of C\o(T). Thus
g@)=(z-z))" (2 ) for z in the unbounded component of C\gk, a con-
tradiction. Hence T has the single-valued extension property.

Let d be an arbitrary closed set. For each point z ¢ & there exists an
integer k(z) such that z € 8&( 2 < gk( 0 & C\J. Since T has the single-valued
extension property, it follows that

Xp@® = N X7(C\3(,)
z€H
and thus X 7(3) is closed. Therefore, in view of $1 (vii) and formula (1),
T is an n-decomposable operator. The last assertion follows from the fact
that the adjoint of a 2-decomposable operator is 2-decomposable [10, p. 1057].

Remark 1. In Lemma 2, let 8 be a closed set such that o{T)N8° £ &.
If o(N) N3°= g, then 8° C 0, (T) and thus X (8) £{0}. On the other hand,
if g(N)N3% £ &, then X, (5) ,é {0} and thus QX (8) £ {0} [1, proof of Lem-
ma 1.4, Hence, again, X £(8) £ {0},

Remark 2. The proof of Lemma 2 suggests the following proposition:

Let T be an operator on some Banach space Y. Let §, be a sequence
of open sets forming a base for the topology of C. If XT(E") is closed for
all n, then T has ‘the single-valued extension property (cf. [2, Proposition

1.4]).

The following theorem contains a necessary and sufficient condition for
decomposability of a cosubspectral operator.

Theorem 1. Let N € B(K) be a spectral operator, and let H, T, and
Q be as in Lemma 2. If X(33) is closed for some closed set 8, then
X 8) and X (C\So) are closed and H = X_(8) + X (C\8°). In particular
z/ X.(35) is closed for a sequence {8} of open sets forming a base for the
topology of C, then T is decompasable and T* is 2-decomposable.

Proof. Assume X,(38) is closed. Let x_ be a Cauchy sequence in
X T(B) converging to x. Let E be the resolution of the identity for N. Since
QE(C\B)xn € XT(C\SO) and x, - QE(8)x, € X (8) (Lemma 2), it follows
that QE(C\b‘)x" € X.(38) and thus QE(C\®)x € X 7(88). Hence x (= QE(®)x
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+QE(C\®)x) is in Xp(8). This shows that X (8) is closed, By a similar
proof XT(C\BO) is closed. Since x = QE(8)x + QE(C\®)x for all x € H, H
=X, (&) + X T(C\SO). The rest of the proof follows from Lemma 2.

In the following we write H=M @ N if M and N are two (closed) sub-
spaces of H, MNN ={0}, and H=M + N.

Lemma 3. Let N € B(K) be a spectral operator and let H, T, and Q
be as in Lemma 2. Let E be the resolution of the identity for N. Assume
XT(OB) = {0} for some closed set 8. Then H = XT(S) o XT(C\BO) and
Pl < L, where P: H > H is the projection onto X,(9) parallel to XT(C\SO)
and L = supi|E(0)||: o Borel}.

Proof. In view of Theorem 1, X..(8) and X T(C\So) are closed, and
H = X (8) + X (C\8%). Since X.(8) N X (C\8) = X.(36) = {0}, H = X..(5)
®X..(C\8°). Therefore P is well defined and Px = QE(8)x. This shows
that |P|| < L. Q.E.D.

If T is a spectral operator on a separable Hilbert space and {C} is a
family of disjoint Jordan curves, then X .(C,) = {0} for all but a countable
number of @. For a cosubspectral operator the following converse is true.

Theorem 2. Let N, T, K, H and Q be as in Lemma 3. Assume XT(GS")
=10} for a sequence 18,1 of open sets forming a base for the topology of C.
Then T is a spectral operator. Moreover if N has an orthogonal resolution
of the identity, so does T.

Proof. We use a ‘‘characterization’’ of spectral operators stated in
Theorem XVI. 4.5 of 8, p. 21471,

Note first that since T is decomposable (Theorem 1), T has the single-
valued extension property and X T(a) is closed for all closed sets 8. This
proves conditions (A) and (C) of the *‘characterization’’.,

Now we show that if & is closed and E(8) = 0, then X..(8) = {0} (E is
the resolution of the identity for N). Let {o } be the subsequence of {5}
consisting of all §, which lie entirely in C{ﬁ. Let y, =0, and

Y.=0,\ U 9; (n=2,3,...).
in
Let x € XT(S). We prove by induction that QE(yn)x =0(r=12...)
Since QE(y )x = QE(0)x = x - QE(C\ol)x € XT(aal), QE(y,)x = 0. Assume
QE(y)x=0 for i=1,2,...,n~ 1. It follows that

and thus
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QE(y,)x € X(dy, N Ay, U --- Uy ))CXp(a))

Hence QE(y, )x = 0. Therefore x = QE()x + 2 QE(y, )x= 0 which implies that
X0)=1{0}

Let 0 and y be two disjoint closed sets. There exists a Cauchy do-
main & such that (a) 0C8, (b) yC C\3, and (c) E(8) = 0. It follows from
Lemma 3 that

Ixll <Llx+ ¥l (€ X (o) y € X (y)),

where L = sup {||[E(8)||: & Borell, This proves condition (B) of the ‘‘charac-
terization’’.

Let E be as above. Let & be a closed set and let g, be an increasing
sequence of closed sets converging to C\d. Since

x = 1im[QE(8)x + QE(5 )x]

for all x € H, it follows from Lemma 2 that every clqsed set 8 is in the
class 8,(T) of all sets 0 with the property that vectors of the form x +y
with 0.(x) C 0 and or(Y)C C\o are dense in H [8, p. 2138, Therefore to
each closed set & there corresponds a unique projection F(8) € B(H) such
that F(8)x = x if 0..(x)C 8 and F(®)x = 0 if o,.(x)CC\S [8, p. 2138L

Now let 8 and 0, be as above and assume moreover that X(38) =
X;(d0,)=10} (=1, 2,...). Let x € H. By the proof of Lemma 3, x =
limy, and oly,) S Gua,) Noylx), where y, =QE@ Ug )x (n=1, 2,...)
Applying the Riesz decomposition theorem to T |X, (8 U 0,) yields y, = u,
+v,, where 0.(z,) C8No,(x) and 0, (v, )C 0, naT(x) (=1, 2,.¢4) This
shows that every closed set & with X (38) = {0} is in the class 8,(T) of
all sets o having the property that for every x € H and every €> 0, there
are vectors %, and x, with op(x,) C o;(x)N0o, o,(x,) C 0..(x) N (C\o), and
||xl +x,~x|| <e

Let z, €C, >0, and let x € H. Let D =lz: |z -zy|<r} for r>0.
There exists a decreasing sequence {r(n)} converging to a number r(e) such
that 0 < r(x)< € and xT(aD,(n)) ={0} (=1, 2,440, =) Let 6= Br(m),
0, =C\D,(,y ¥, = QEGUa,)x, u, = F@B)y,, and let v, = F(a )y . It fol-
lows from the proof of Lemma 3 and the uniqueness of the set function F
on SI(T) that y, = F( U0, )x and thus u, = F(®)x and v, = F(g,)x. (Re-
call that the restriction of F to 8,(T) is a spectral measure [8, p, 21401.)
Hence

% = lim[F(5) + F(an)]x
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which implies that 8 is in the class &(T) of all sets 0 € 52(T) for which
there exist closed sets g, and v, in 8,(T) with #,Cov, C C\o, n=
l’ 2" e 9 and

x=1im[F(v) + F(u )lx (x € H).

Since z; and € are arbitrary, it follows that every complex number is inter-
ior to a set of arbitrarily small diameter belonging to T). This provescon-
dition (D) of the “characterization’’ and with it the theorem.

Let F_ (s € R) be the resolution of the identity for a (bounded) Hermi-
tian operator acting in a separable Hilbert space. There exist a family of
Hilbert spaces H (s € R) such that the underlying Hilbert space is unitarily
equivalent to f eH <duls)

Moreover if an operator T commutes with all projections F, then T is
unitarily equivalent to an operator of the form [®T <du(s), where T, € B(H,).
(For the definitions and properties of direct integrals see [13, pp. 496-5031)
Since T is invertible if and only if T is invertible a.e. [dpul, it follows
that ()\n -T s)“ exists a.e. [du] simultaneously for all elements of a se-
quence th} dense in C\o(T). Thus o(T.) C o(T) ase. [dpl

In the following by a Jordan domain we mean an open set enclosed by a
rectifiable Jordan curve. Theorem 2 can be sharpened for cosubnormal oper-
ators as follows.

Theorem 3. Let N € B(K) be a normal operator and let T, H, and Q be
as in Lemma 2. Let A be a totally ordered set and let {D j} ., be a fixed
increasing chain of Jordan domains such that X T(OD J =10} forall aeA
and the area of the set

C(A,)=< n D)\( U Dﬁ>
BeaA Bea,

is zero for any cut Ay in A. (A subset A of A isacutin A if any ele-
ment in A, is less than any element in the complement of A\.) Then T is
a normal operator.

Proof. Assume without loss of generality that H is separable and that
T has no nontrivial reducing invariant subspace on which it is normal, We
claim H={0}. Let P, be the projection onto X.(D,) parallel to X (C\D).

Since ||P <1, (Lernma 3), {P } is an increasing sequence of orthogonal
projections commuting with T.

Let 7 be a chain of projections obtained from the completion of {P o
We claim 7 has no gap. Assume, if possible, (P~, P*) isa gap in 7. Let
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A ={aeA: P, < P~} Then M= (P*~ P is anontrivial reducing in-
variant subspace of T and o(T | M) C o(T|(Pg- P H) C l_)B\D oforall ae

A, and B €A,. Thus the area of o(T | M) is zero and hence T |M is a
normal operator, a contradiction [16]. Therefore there exists a (strictly in-
creasing) resolution of the identity F_ (0 <s <1) (belonging to a Hermitian
operator) whose range coincides with 7 [5, Theorem 18,1}, Thus (up to uni-
tary equivalence):

H= J’[o [ Hsdds) and T= f[o 17 T4k,

where T is cohyponormal a.e. [dpl (Actually Bastian [3] shows that T,
is cosubnormal a.e. [dul)
For [a, 6] C 10, 1] let

Tas] = f[ 3 T dis) and Hi, 41 = f[ b] < duls).

It is easy to see that H[, ;1= (F, ~ F )i and T[, ,]=T|H[, ,}» Let
S, k)= [( = 1)/n, k/n] for k = 1 2,,,,, n,and n=1, 2,,... Since

ulls € 8(n, k): ofT ¢ o(T 5, 1y =0
for all 8(n, &), it follows that

" (n,k)eT(s)
a.e. [du], where T'(s)={(n, k): s € 5(n, k)}. Let s satisfy (), Let A=
fa€A: P <F L A,={aeA: P,=F}, and A;= A\(A,UA,) Since P is
constant on Az’ it follows that

a(T)§< N 5a> u( N (c\oa)>,
aeA2 a.eA2
and thus O(Ts)_C_ C(AI) UC(Al U AZ)‘ Hence the area of O(Ts) = 0. This
shows that T is nommal a.e. [dp]. Therefore T is normal and thus H =
{0}, The proof of the theorem is complete.
Definition. An operator T is said to satisfy a boundedness condition
(B) if there exists a positive constant L such that ||x|| < L|jx + y|| for all
x € X,(8), y € X1(0), and all pairs of disjoint closed sets & and 0. (We
do not impose the single-valued extension property on T [8, p. 21381)
Stampfli [20] shows that a cohynormal operator satisfying a bounded-
ness condition (B) has a nontrivial invariant subspace, The following

theorem shows that such cosubnormal (resp. cosubspectral) operators are
indeed normal (resp. spectral).

(n, Ic))
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Theorem 4. A cosubnormal (resp. cosubspectral) operator T € B(H)
satisfying a boundedness condition (B) is normal (resp. spectral).

Proof. Assume without loss of generality that H is separable. Let
N € B(K) be the adjoint of a normal (resp. spectral) extension of T* and
let K be separable, Let E be the resolution of the identity for N. Let
{C} be an arbitrary family of disjoint rectifiable Jordan curves. Since K
is separable, E(C a) = 0 for all but a countable number of a. Let & be a
closed set such that E(8) =0, Let G, be a decreasing sequence of open

sets converging to 8, The sequence E(G") converges strongly to zero as
n-—oo, Let x € XT(S). It follows from the boundedness condition (B) and

Lemma 2, that ||x|| < L|x - QE(C\Gn)x“ for all n. Letting n— yields
x =0, Thus X,.(8) ={0} and hence, in view of Theorem 3 (resp. Theorem
2), T is a normal (resp. spectral) operator,

3. Eigenvalues of cosubnormal operators. Let 0,(T) be the set of all
eigenvalues of an operator T € B(H). Let 9, .L(T) be the set of all eigen-
values A of T such that the null space N(A -~ T) reduces T. Let opo(T)
be the set of all complex numbers A such that A is in the domain of some
nonzero H-valued analytic function f(z) which has a connected domain and
satisfies (z - T)f(z) = 0. It is true that 0,,(T) C 0,(T) [7, p. 22] and
9,0{T) No, (T)= @. (Because if A € 0, (T) and A is in the domain of an
analytic function f satisfying (z — T)f(z) = 0, then f(z) L N(A = T) for all z
and A €0,(T|NA- T, a contradiction.) Also if S is the restriction of an
operator N € B(K) to an invariant subspace H (of N), then

(%) ASNN®) Car, (5™,

(Let Q be the projection onto H and let A and p be two points of o(S*)
lying in the same component G of C\O(N*). Let x be a nonzero vector in
H such that (p— T)x = 0, Then f(z) = (z = p)~1x = Oz = N*)~1x (z € G\{})
is a nonzero analytic function having A in its (connected) domain and satisfying
(- T)(z)=0.) (In view of the Wold decomposition theorem for isometry operators,
formula (**) provides another proof for Lemma 1.7 of [7, p. 10].)

The following lemmas study the relation between UP(T) and the geomet -
rical shape of o(T) for a cosubnormal or cohyponormal operator T.

Lemma 4. Let T be a cohynormal operator. Let A € do(T). Assume
there exists a constant K and a sequence {\ } in C\o(T) such that lim A,
=Aand A=A | < Kdist(\,, ofT)) for n=1,2,eess Then A €a, (T) if
Ae ap(T).

Proof. Assume without loss of generality that N(X = T*) = {0}. We claim
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N - T)={o}. By [18, p. 469]
I, - D1 < 1/dist M, AT <K/ A=A | for n=1,2,....

Therefore H = N\~ T)® R(A - T)[12, pe 62], (Here R denotes the closure
of the range,) Since N = T*) = {0}, RA = T) = H and thus N(A - T) = {0l
(For special cases of Lemma 4 see [15] and [19, p. 135))

Theorem 5. Let E be a compact subset of the plane. Let @ be a fam-
ily of analytic functions having E in their domains. Let H be the span of
Q@ in L%E, dxdy). Let S be the multiplication by z in H and let T = S*.
Then

(@) X (8)- {0} for all closed subsets & of ES,
®) (E°)*Ca oT),
where A¥={\: A € A} In particular S and T are not 2-decomposable if E 0

9.

Proof. By the area mean value theorem the elements of H are analytic
in E% Thusif f € XS(B), it follows from Lemma 1 that f(z) = 0 for all z ¢
- 8 and thus f=0 on E. This proves (a).

Let A be the center of a disc |z - A| <r lying entirely on E% We can
assume without loss of generality that A=0 and r =1, Let V be the bi-
lateral weighted shift Ve = [(» + 1)/(z + 2)/%e_,, for n > 0 and Ve, =

e,+ for 7 <0 defined on some Hilbert space K;« Let W be the multiplica-
tion by z in K, = L2(E\D, dxdy), where D is the unit disc, Let K = K,
®K, and N = W @®V. It is easy to see that c(N)ND = &. In view of [ll

Problem 25] the mapping U: H—K defined by
X0)

0

Uf = (f|E\D) ® z [/ + D]V 2%

is an isometry and US = NU. Therefore § is unitarily equivalent to a part of

N. Since D C a(S), it follows from (**) that D C o po(T)- Statement (b) is
proved.

The last assertion follows from the fact that T does not have the single-
valued extension property. The proof of the theorem is complete.

For a compact set X and a (positive) measure g on X, let C(X), fR(X),
R(X), and R*(X, dp) denote the continuous functions on X, the rational
functions with poles off X, the uniform closure of .‘R(X), and the closure of
R(X) in L2(X, dp), respectively.

Theorem 6. Let X be a compact subset of C such that, for any open
disc D, XND # & implies R(X ND)# C(X ND). Then there exists a com-
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pletely nonnormal cosubnormal operator T such that
ap(T) =o(T) = X.

(An operator is called completely nonnormal, if it has no nonzero reducing
invariant subspaces on which it is normal.)

Proof. In view of Theorem 5, we can assume without loss of generality
that XO=g&. Let Y = X* Following the argument in [6, p. 242] we can
find a sequence !/\"¥ dense in Y and a sequence of Borel probability mea-
sures {p} such that

(%) fA) = fY fdu, (/€ R(Y)

and g, (]A)) < 1. By replacing g, by [y, - p (A DV/I1 - #, A2 D], we can
assume without loss of generality that ({)t D=0, Let A, be the multipli-
cation by z in R2(Y, dp,). It follows from (***) and the Schwarz inequality
that the nonzero linear functional f— /()\") f €R(Y), has a bounded exten-
sion to R(Y, dp,) (n =1, 2,...). Therefore the range of A, -4, liesina
closed subspace of codimension 1 of R?(Y, dp ), and hence X € 0 (1,
(=1, 2,...) Obviously A, is not an eigenvalue of A, because B, ({)t ]
=0. Thus A  isa nonnormal subnormal operator. Let B be the completely
nonnormal part of A . It follows that A, € 0(B ) C ol4,) C Y. Let

S=I®B, and T=5"

The operator T satisfies all the requirements of the theorem.

Remark 3. Brennan [4, pp. 314-315] constructs a Swiss cheese E with
the following properties:

(a) the linear functional f—f(\) (f € R(E)) has a bounded extension to
R2(E, dxdy) for almost every point A in E (such points A are called bound-
ed point evaluations of R%(E, dxdy)),

(b) whenever two functions in R2(E, dxdy) coincide on a set of positive
area in E, they coincide a.e. [dxdy]

Let E be such a set and let S be the multiplication by z in R2(E, dxdy).

Let T =S* It follows that 0,(T)= 9,(T) = &, and the area of E*\o (1)
is zero. (Note that, in view of Lemma 4, thete are points in o(T) which are

not eigenvalues of T.) Let G, and G, be two open sets such that

@) ol§)CG,uG,

(ii) the sets E\G (i = 1, 2) have positive areas. Let f; eX (G )
(G=1,2) By Lemmal f;=0on E\G and thus ;=0 on E (z-l 2),
Thus § (and hence T)is not 2-decomposable, though it has a nowhere dense
spectrum,
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One may raise the following question.

Question 1. Is there a nonnormal 2-decomposable subnormal operator?

In view of Theorem 3, a negative answer to the following question will
provide a negative answer to Question 1.

Question 2. Is there a decomposable operator T € B(H) such that X,.(C )
# {0} for an uncountable number of disjoint (piecewise smooth) Jordan curves C?

Remark 4. The proof of Theorem 6 contains a negative answer to a ques-
tion raised by Putnam in (15, p. 282],

Let X be a compact set. A point x € X is called a peak point of R(X)
if there exists a function [ € R(X) such that f(x)=1 and f(y) <1 for all
y € X\{x}. (Such a function [ is saidto peak at x.) Let p(X) denote the set
of all peak points of R(X). We prove the following theorem.

Theorem 7. If T € B(H) is a cosubnormal operator, then p(o(T)) no,(T)
€ 0, (T)

Proof. Let A € p(o(T)) N6, (T). We may and shall assume without loss
of generality that A= 0, Let S=T*, A be the minimal normal extension of
S, and let E be the resolution of the identity for A. Let x be a unit vector
such that Tx =0, We prove Sx =0, Since (Sy|x)=0 forally €H, (g(4) x| »)
= (g(8$)x | x) = g(0) for all g € R(o(S)). Thus (g(A)x|x)=g(0) forall g €
R(o(S)). Hence if f € R(o(S)) and f peaks at 0, then (f(A)x|x)=1 for »
=1,2,0e.. (Note that 0 € p(o(S)).) Therefore by dominated convergence
theorem

1 = lim (/(A)x]%) = lim ff" d||Ex]|| 2
= [ tim /d| Ex))2 = | EGOD=) %

Thus Ax = 0 and consequently Sx = 0. It follows that N(S) D N(T) 2D N(S)
which completes the proof of the theorem.
Note. In view of Proposition 3.6 and Theorem 6.1 of [22, pp- 13 and 45],

a,(Me, (1) cAT\U G,

where T is a cosubnormal operator and {G il is the class of all components

of C\o(T).
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